The properties of the pion-pion interaction are discussed by the use of dispersion relation techniques. New dispersion relations for the pion-nucleon scattering are obtained, by applying the reduction formula to the initial pion and final nucleon operators. In each of these dispersion relations the absorptive part is divided into two parts, one of which is written as an integral Of the pion-pion scattering-amplitude multiplied by a certain matrix element similar to the pion-nucleon scattering-amplitude, while the other is written in terms of the phase shifts for the pion-nucleon scattering. Therefore, if the pion-pion scattering-amplitude is expressed in terms of unknown parameters, such as scattering lengths and effective ranges, their values can be determined by the use of these dispersion relations.
The properties of the pion-pion interaction are discussed by the use of dispersion relation techniques. New dispersion relations for the pion-nucleon scattering are obtained, by applying the reduction formula to the initial pion and final nucleon operators. In each of these dispersion relations the absorptive part is divided into two parts, one of which is written as an integral Of the pion-pion scattering-amplitude multiplied by a certain matrix element similar to the pion-nucleon scattering-amplitude, while the other is written in terms of the phase shifts for the pion-nucleon scattering. Therefore, if the pion-pion scattering-amplitude is expressed in terms of unknown parameters, such as scattering lengths and effective ranges, their values can be determined by the use of these dispersion relations.
Thus one can obtain some knowledge about the sign and the strength of the pion-pion interaction. In this way we are led to the conclusion that, in the isotopic spin state 1=0 of the pion-pion system, the pion-pion interaction is attractive and its strength is such that the scattering length for the pion-pion scattering is of the same order of magnitude as that of the pion Compton wave length, and that, in the isotopic spin state 1=1 of the pion-pion system, the interaction is also attractive and is of the strength at least comparable to that of the pion-nucleon interaction in the (3, 3) state. § 1. Introduction and summary From the existence of the strong pion-nucleon interaction, the existence of strong pion-pion interactions is theoretically expected. Such an interaction, if it exists, will play an important role in the various pion phenomena such as the pion-nucleon scattering, the electromagnetic structure of the nucleon, the multiple production of pions from a nucleon, and so on. Unfortunately we have neither experimental nor theoretical methods to attack this interaction, hence little has been known about this until now. Since a nucleon has pion cloud around it, the pionnucleon scattering must include the effect due to the pion-pion interaction. If this effect can be separated, the analysis of the pion-nucleon scattering will give some information concerning the pion-pion interaction. Indeed, this separation is possible, if one uses new dispersion relations for the pion-nucleon -scattering, which will be explained in this section.
As is well known, the amplitude for the pion-nucleon scattering can be written in the form
T (P2' k2 i 2; PI' ki iI )

=U(P2) {-a i2 -h A(+)-(1/2) [Z'i2 , Z'iJA(-)
(1 '1) where PI and kl are four-momenta of the initial nucleon and the pion respectively, P2 and k2 are those of final ones, and i l and i2 are charge indices of pion before and after the scattering. A (±) and B(±) are functions of two independent scalars composed of the four-momenta PI' P2, kl and k 2 . Usually the independent variables are taken as:
Then it is proved that A (±) and B(±l, as functions of v, are analytic in the upper half of the complex v-plane. The ordinary dispersion relations l ) are obtained from this fact.
In order to get alternative dispersion relations, we write the scattering amplitude as
T(p2' k 2i2 ; PI, kIi l ) = -i(2PIOk 20 /M)1/2 i d 4 x exp[-i(p2+ kl)X/2J
X U(P2) (k2i210 (x) [1 (x/2) , Oil (-x/2)] -a (x o ) [ 1 (x /2), ¢il ( -x /2) I PI), (1 . 3) with the abbreviations:
1= «(d/dx+M)</J, Oi= (p2-0)¢i'
where </J and ¢i are the Heisenberg field operators for nucleon and pion respectively. Using (1· 3), and taking the Lorentz frame in which PI +k 2 =O, we can prove in the usual way that, if A (±) and B(±) are written as functions of the two variables, (1·4) they are analytic in the upper-half of the complex w-plane for fixed val use of 0-
•
The proof is not rigorous, as in the usual treatment, and, moreover, it can be carried out only for a restricted region of 0-
However, we have found that the first few terms in the perturbation expansion of the scattering amplitude actually satisfy this analyticity property for any fixed 0- 2 • Therefore we will assume this in the following.
Denoting the total kinetic energy and the scattering angle in the center-of-mass system by wand 0 respectively, we have
The physical region is determined by the conditions w>O and -1 < cos 0'::;;:1. This is represented in Fig. 1 by the area shaded with horizontal lines.
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The absorptive part of the scattering amplitude is obtained from (1· 3) by replacing H(x) by -i/2 and by dropping the term with ()(xo). Then, the absorptive part is the sum of the following two terms:
f' 
where g is the renormalized and rationalized pseudoscalar coupling constant. This is different from zero only on the line PO in Fig. 1 . The region in which F ~C) is different from zero is determined by the condition
This region is to the right side of the line DE in Fig. 1 . Especially when point «(I), [0] [1] [2] lies in the physical region, FlC) can be written as
Moreover the imaginary parts can be expanded in the partial waves. Lehmann 2 ) showed that this partial wave expansion is valid in an area larger than the physical region. This region is shown in Fig. 1 Next we write F _ in the form similar to (1· 9). Since operator 7) lowers the nucleon number by unity, the intermediate states must have nucleon number 0, and the total mass of these states is [-(k I -k 2 )2J/2. Moreover, among the intermediate states consisting of pions, only the intermediate states with even number of pions contributes to F_. This follows from the invariance under charge conjugation and a rotation around the 2 axis in the isotopic spin space. Therefore, the least massive state is a two-pion state, and consequently F _ differs from zero only when -(kl-k2)2~4p2" F_ can be written analogously to (I-I) in the following form: ReAC±)(w, 0-
-00 00
Here, no subtraction has been made. The first term between brackets in the righthand side of (1,15) comes from F~P). The second term does not depend on (v. We have added this term so that (1-15) holds in the lowest order perturbation theory. But it may be doubtful that the coefficient of this term is really the square of a renormalized coupling constant, g2. To avoid this ambiguity, we will carry out one subtraction in the above dispersion relations. Let us consider the last terms in (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) and (1 -15 
Here, the integral over intermediate states should be understood to be the average of the integral over "in" states and the one over "out" states. The matrix element of Oil (0) in (1·16) is the scattering amplitude for the pion-pion scattering, and is written by the requirement of Lorentz invariance in the following form:
Here, L1 is a Lorentz invariant scattering amplitude in the state where the total isotopic spin is 1. This is related to the pion-pion phase shifts a l,l as (1·19) where We and ke are energy and magnitude of momentum of either pion and () IS the scattering angle in the center-of-mass system. The sum over I should be understood as the sum over even I for even I and the sum over odd I for odd 1.
This follows from the invariance of the matrix element (1·17) under the exchange of k/ i/ and k2' il.
It is easily found that L2 does not contribute to F _. This follows from the fact that the system of a nucleon and an antinucleon cannot have a total isotopic spin larger than one.
Next we assume that all the terms with I> 1 can be neglected in (1·19). The assumption may be reasonable from the following reason. The range of the pion-pion interaction is considered to be (2p.) -1 at most. Then the condition under which the d-wave plays an important role in the scattering is that kc~ 4/1, which is also written as lV1W$o-2_34p.2. From this, we see that for small values of Iwl, the d-wave can be neglected more safely than the contribution of four-pion intermediate states which has already been neglected. For s-and p-waves, we write the scattering lengths and the effective ranges. Therefore, if the matrix element of ~ (0) in (1, 16) has been calculated, and if F _ and, consequently, u(±) and v(±) can be expressed in terms of these parameters, then we can estimate these parameters numerically by means of our dispersion relations (1·14) and (1·15), since all the terms in (1·14) and (1·15) other than those containing u(±) and v(±) can be computed by using pion-nucleon data. Numerical calculations will be given in § 3. The results obtained in this way lead us to the following conclusions: the pion-pion interaction is attractive for the both states 1=0 and 1=1. For the state 1=0, the scattering length of the pion-pion scattering is of the same order as that of the pion Compton wave length. For the state 1=1, strength of the interaction is at least comparable to that of the pion-nucleon interaction in the (3, 3) state.
The matrix element of ~ (0) in (1·16) can be written formally, as the pionnucleon scattering amplitude, but it must be noticed that the matrix element lies in the unphysical region. As has been done in the problem of the electromagnetic structure of nucleon,4) the scattering amplitude in the unphysical region can be related to that of the physical region by virtue of the ordinary dispersion relations 1 ) and the expansion in the partial waves. In § 2, we first calculate the matrix element in question in this method. In this calculation, however, as has already been pointed out,4) we have to use the partial-wave expansion in the region where its convergence has not been proved. To avoid such an unjustified procedure, we next make in § 2 a calculation in the static theory. We shall see in § 3 that both calculations yield qualitatively the same results. § 2.
Calculations of u(±) and v(±)
By the requirement of in variance , the matrix element of ~ (0) III (1, 16) can be written in the form where
and IC '2 is given by (1·18). If the "out" state in the left-hand side is changed into" in " state, A (±) and B(±) in the right-hand side are changed into their complex conjugates. This follows from the invariance under charge conjugation. For the same reason, if the "in" state in the left-hand side of (1· 17) is changed into the Taking account of these facts, we substitute (2·1) and (1-17) with (1-22) into (1·16). Transforming the three-dimensional integrals into four-dimensional ones by adding the delta-function a (k? + 11.2) to the integrand, and carrying out the integration over k/ + kl, we have
where
It follows from (2·2) that
. This is shown as follows: comparing (2 -2) with (1-13) we see that only the term with factor B(+) in (2 -2) can contribute to v(+). This term contains r-matrices only through the factor irQ, and depends on Q only through irQ and (PI + P2) Q.
Taking a particular Lorentz frame in which !r2-kl =0, we carry out the integration over Qo. Then Qo in the integrand becomes zero on account of the delta-function * Though we are considering the unphysical region (k i -k 2 ) 2<0, the "real" Lorentz frame in which k 2 -k 1 =0 does not exsist, unless U) and (1'2 satisfy a certain condition. However, we have verified for the first few terms in the perturbation expansion that the formal procedure used here always gives the correct results.
vanish, the numerical difference between ReB(+) arid a sum of the Born terms and the integral of ImB(+) in (1·15) will give an idea about the error caused by our approximation.
In order to proceed further, we must calculate A (+ ) and B (+ ) in (2 . 1 ) . Perturbation theory is not adequate for our purpose, because this theory cannot describe the behavior of s-wave pions correctly, and consequently it will yield incorrect results particularly for A (+) and B(+). We therefore adopt the following two methods, the one is the use of the dispersion relations, and the other, the static theory.
a) Calculation with the Dispersion Relations
The matrix element (2 ·1) can be regarded as the amplitude for an unphysical pion-nucleon scattering, in which a pion with energy-momentum -k/ is scattered into the one with energy-momentum k;. Therefore, it is formally proved that In spite of the unphysical scattering angle, however, these imaginary parts can be written in terms of the phase shifts in the physical region by means of the partialwave expansion of the former. In this way we can compute A (±) and B(±) using experimental phase shifts. This method has already been applied to the problem of the electromagnetic structure of nucleon by Chew et al. and Federbush et a1. 4 ) In the present case one should be more careful about the convergence of the dispersion integrals than in the case of the nucleon structure, because we must calculate all of A (±) and B(±), while the form factors of nucleon involve A (-) and B(-) only. Therefore, we use here the subtracted dispersion relations:
2 )
VO=/1 2 _J{;2/M, ).)B= -/12/21W-J{;2/M.
In the present case, it is not necessary to add an infinitesimal imaginary part to each of the denominators in these formulas, because, on substituting them into (2·2) and combining terms appropriately, all the denominators become positive definite. In fact, this is true only when J{;2+M2> 0, i.e., w> (cr 2 -2M 2 )/M. This condition is the one under which the intermediate states including nucleon-antinucleon pair does not contribute to F_. We may consider this condition to hold, since in later calculations we shall cut off the integrals of u(±) and v(±) at (V'= (cr 2 -2M 2 )/M. It should be noticed that the meaning of Re in (2·2) must be reinterpreted as to take real part of the whole expression in order to obtain correct results; otherwise u(±) and v(±) would become imaginary. It is verified that in the lowest order perturbation theory correct results are obtained, indeed, by this treatment. Then, it is found that u(±) and vet) contain only the real parts of lo and II ' We expand 1m A (±) and 1m B(±) in (2,4) and (2·5) in the partial waves using the formulas given in reference 1), and neglect all the partial-wave amplitudes other than the (3· 3) amplitude, for which, following Federbush et aI., we make the narrow-resonance approximation:
where Wr is the resonance energy in the center-of-mass system. We take wr=2p. We also expand A (±) (vo, J{;2) and B(±) (vo, J{;2) in (2·4) and (2·5) in the partial waves. Because of J{;2~0, all partial waves appear in these expansions. However, we neglect all of them other than s-and p-waves, and for the latter phase shifts we use experimental values reported by Puppi at the CERN Conference in 1958 5 ).
Here the final expressions of u(±) and vet) are not written, but the numerical results will be given In ~ 3.
b) Calculation zn the static theory
Chew and Low
6
) and Miyazawa 7 ) have developed techniques by means of which various matrix elements are related to the pion-nucleon phase shifts under the assumption that nucleon can be regarded as a fixed and extended source of pion field and that pion-nucleon interaction is described by a particular Hamiltonian. Extending the basic idea of these authors, we now calculate the matrix element of ~ (0) appearing in (1 ·16) .
From the definition of ~ (x) we have in the nonrelativistic approximation
where f is the spin index which has been suppressed up to this time, and XI IS the two-component spin eigenfunction of the final nucleon. From this and
¢(x, t) =exp(iHt)¢(x, 0) exp( -iHt)
(H is the total Hamiltonion), it follows that
where i is the spin index of the initial nucleon, and the charge indices of pions have been suppressed.
We expand the Heisenberg field operators at t=O in the Fourier series as follows:
We call the eigenstates of the occupation numbers A;}Apj and at ak as the bare- and so on, where 10) is the vacuum state for the bare particles.
By the substitution of the Fourier expansion of ¢ the matrix element III the right-hand side of (2·6) is rewritten as
where p=pl-k/-k/. We approximate the right-hand side of this by
Then, because of the commutativity between APi and at the second matrix element becomes (pf; k/', k/' barelpli), which is more simply written as (f; k/', k/' bareli) in the static theory. Thus we have
The appearence of the last term is due to pion-pion interaction. In the static theory, however, this term can be dropped for the following reason: It will be found later that the matrix element (f; k/, k/ bare I i) is proportional to (kl~ + k2~) -I, so that the factor (kI~ + k2~) in the right-hand side of (2·7) disappears in the first term but survives in the second term. After the substitution of (2·7) into (1,16), this factor becomes k 20 -k lO on account of the delta function. But in the static theory the energy conservation yields k20-klO=0. Therefore, we may write
For the matrix element in the right-hand side we further make the following approximation:
where Ij) is the single physical-nucleon state, and Ij; k in) is the scattering state of a nucleon with spin j and a pion with momentum k. The sum in the last term should be understood as half the sum over "in" states and" out" states, though we have not written this explicitly. (2·9) is so-called the one-meson approximation.
We assume that only 5-and p-wave pions interact with the nucleon. To avoid too lengthy an explanation, however, we leave the s-wave pions out of consideration, until their effects are added to the final results.
We begin with the consideration of the first matrix element in the last line of (2·9). We denote the total Hamiltonian by H, and the free Hamiltonian at t=O by Ho. Then Ij; k in) and If; k 2 ' bare) are eigenstates of Hand Ho respectively. From this fact it follows that
where H' is the interaction Hamiltonian. On the other hand the corresponding S-matrix element has the form:
X(f; k/bare![H'+H'(ko-H+iE)-lH']/j; kbare). (2·11)
In terms of the phase shifts this is also written as 
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It is seen from (2 ·10) that the matrix element in the last term depends on k/ only through the factor klk2~ so long as Ik/I-1 are much larger than the range of the pion-nucleon interaction. Therefore, if we compare (2 ·10) with (2 ·11), and (2 ·11) with (2 ·12), we have, to a good approxmation,
In the same way it is found that, if Ij; k in) is replaced with Ij; k out) in the left-hand side of (2 ·13), ha/3 is replaced with ha/3* in the right-hand side.
Next we turn to the last matrix element in (2·9). This is written by means of the well known technique 6 ) as (2·14) with Here we assume that H' is the same as in the Chew-Low theory6). Then we have Vk* = -V k , so that the matrix element in the right-hand side of (2·14) becomes essentially the scattering amplitude. Thus we have
It follows from the invariance under time reversal that, if (j; k out I is replaced with (j; k inl in the left-hand side, h a (3 is 'replaced with h a (3* in the right-hand side.
The first term in the right-hand side of (2·9) can be written as
Here we approximately replace the bare-nucleon state (f bare I with the corresponding physical-nucleon state (fl. Then this term is easily calculated by the well-known method 6 ), and we obtain the result
where f is the renormalized and nonrationalized pseudovector coupling constant.
Thus we ha ve expressed all terms in the right-hand side of (2· 9) in terms of the quantities known experimentally. If the Chew-Low equation 6 ) for hafJ is used, the result obtained by substituting (2 ·13), (2 ·15) and (2 ·16) into (2·9) is found to be proportional to (kl~ + k2~) -1 as was mentioned previously. Furthermore, this result is found to be symmetric in k/ and kl, though they have not been treated symmetrically during the calculation. We substitute this result into (2·8), and neglect all ha/s other than hss. Further, we add the terms due to the s-wave pions. Then we have finally
with the abbreviations (2·17)
where a l and as are the s-wave scattering lengths.
In order to treat the s-wave pions in the similar way as for the p-wave ones, we have used the generalized Chew-Low theory given by Drell et al.
B )
We have therefore assumed that the interaction between s-wave pions and nucleon is described by the Hamiltonian used in that theory, namely,
where cf> is the the integral of cf> multiplied by the form factor of nucleon, and ).0° and ,.(0 are adjustable parameters. We have neglected all terms quadratic in the s-wave amplitudes.
We substitute (2 ·17) and (1·17) with (1· 22) into (1·16), and carry out the integrations over k/ and k/. Comparing the result thus obtained with (1·13),
we have where
Properties of the Pion-Pion Interaction
~U1Hax X {7r(f2/p2) y'=-/C 2 -j12 + (2/317) l d(Vkk3Wklh33(wic) 12 II- ( (Vk2-/C2-p2 -1 y'.........:-;i-=-p2 ) X / · 2 2 tan -___ ~_-1 }, (Vic V -/C -P Wk /C 2 = (Mw-0-2 ) /2.
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We have carried out the integration over (Vk making the narrow resonance approximation for 1 h33(Wk) 12 as in the case a). It should be noticed that in the present case one must cut oft' the integrals containing u(±) and v(±) in (1·14) and (1·15) at the lower limit (0- The numerical results will be given in § 3. § 3.
Numerical results and discussions
In this section we attempt to estimate the scattering amplitudes lo and l1 for the pion-pion scattering, using our dispersion relations (1·14) and (1·15). We first introduce the following abbreviations:
where Then (1·14) and (1·15) can be written compactly as
To get the subtracted dispersion relations, we differentiate both sides of (3·6) with respect to w. Denoting partial derivatives of R i , J i , Qi' Bi and Si with respect to W by Rj, J;, Qj, B: and S; respectively, we have (3·7) S; can be computed by using the experimental pion-nucleon coupling constant and phase shifts. On the other hand, Q; is the integral over energies containing Re lo or Re II in the integrand. So using the dispersion relation (3·7), we cannot determine the energy dependence of lo and II precisely. Owing to the denominator (W'-W)2 in the integrand of Q;, however, small values of w' contribute mainly to Q;, so only the lo and II in a low energy region are significant in Qj. At low energies the behaviors of lo and II can, in general, be characterized by a few parameters, i.e., ~cattering lengths and effective ranges, etc., which provide us with· good measures for the strength and sign of the pion-pion interaction. By means of (3·7), we can estimate the values of these parameters.
wand 0-2 in (3·7) are related to the total kinetic energy wand the scattering angle f) for the pion nucleon scattering through (1· 5) and (1· 6). In numerical calculations, we set w = ° and cos tI = 1. If we took w different from zero, we would have to calculate the differentiated principal-value integrals, and large errors would be unavoidable. On choosing w=O, and cos f)=1, Rj is found to contain only s-and p-wave phase shifts, for which we use experimental values reported by Puppi at the CERN Conference in 1958. 5 ) Because of inaccuracy of the small p-wave phase shifts, considerably large errors appear in Rj, In computing J/, we first expand Im A (±) and 1m B(±) in the partial waves, and drop all the partial waves higher than the p-wave. For the (3, 3) phase shift, we use the empirical formula given by Anderson.
g )
In evaluating B;, we take g2/ 41T= 14.4. The results thus obtained are shown in Table 1 . From this table we see that S3' is small owing to the cancellation of two large terms, and this is not the case for the other S;. This is a satisfactory fact, since we have v(+)=O, and hence Ql=O. However, the result Ql=O has been obtained under the assumption that contributions of all the intermediate states other than two-pion states are negligible inF_, and that all the partial waves higher than the p-wave are negligible in the Errors of this kind will appear also in S/ and S/. Though we have no way to estimate them, we will assume these to be 30 % as in S/. Furthermore, there is another error in each Sf. This is mainly due to the inaccuracy of Rf, and is estimated to be ± 3. Thus the total error is estimated to be ± 6 for Sf and Sf, and ± 8 for S/.* Next we turn to the right-hand side of (3·7). Qf is given by the expression obtained from (3·3) by replacing the denominator w' -( I ) by its square. u(±) and v(±) in the integrand have been calculated by two methods; the one is explained in § 2 a) and the other, in § 2 b). The former will be referred to as the relativistic case and the latter, as the static case.
We found that Qf cannot be calculated with sufficient reliability, since this is a difference of two terms, both of which contain slowly coverging integrals. Here we will calculate Q/ and Q/ only. First we consider Q/. To perform the integration over w', it is necessary to assume the functional form of Re Zo( _/C 2 ) appropriately. In terms of the phase shift for the pion-pion scattering, Re Zo is written as (3·8) where We and kc are respectively energy and momentum of either pion in the center-of-mass system, and a o is the phase shift for the state with Z=O and 1=0.
Since the range of the pion-pion interaction is thought to be at most (2p. kc at which Re lo changes its sign is at least about the reciprocal of the range of pion-pion interaction, which is 2p in the present case. As was mentioned above the region kc> 2f1. gives no appreciable contribution to Q/. Thus, with the repulsive interaction, we would necessarily have a positive Q/, which definitely contradicts the negative S/.
To get a more adequate measure of the strength of the interaction than J. o , we next make the scattering-length approximation; namely, we set (3) (4) (5) (6) (7) (8) (9) (10) (11) where a o is a real constant and is regarded as the scattering length, in units of Ir\ of the pion-pion scattering in the states 1=0. The functional form of Re lo is determined by (3 -8) and (3 ·11) , and Q/ can be computed for any given value . of a o . The results are shown in Table 2 . All the values of Q/ in this table are Table 2 . Numerical values of Q/ in the scattering-length approximation. smaller in magnitude than S/ in Table 1 If a o > 1, it is possible to increase the magnitude of Q/ to some extent by adding the effective-range term to the right-hand side of (3 ·11), and thus to improve the agreement. On the contrary, if a o < 1, the addition of the effective~range term will decrease Re lo, and the agreement will become worse.* Therefore, if a o is much smaller than unity, Q/ can never agree with S/. Thus we are led to the conclusion that, for the pion-pion scattering in the state 1=0, the scattering length is of the same order as the Compton wave length of pion.
Next we consider Ql. We can compute this if Re II is given. This is written as (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) where a 1 is phase shift for the pion-pion scattering in the state with 1=1 and l = 1.
Analogously to the previous case, we first set Therefore, it is possible that the resonance scattering occurs in this state as in the (3, 3) state in the pion-nucleon scattering. For the purpose of comparison, we next make the effective-range approximation by setting (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) where a 1 is a real constant, and (I)r is the resonance energy. Then we can compute Q/ for any given values of a 1 and (Or. The results are shown in Table 3 . Any value of Q/ in this table is in agreement with S/ in Table 1 within the error.
It is seen by the extrapolation that the lower limit of a 1 giving the agreement is about 0.1 for (I)r=3p., and is about 0.2 for (I)r= co. Good agreement is, however, obtained for a 1 =0.5,......., 1.0. These latter values of a 1 are much larger than the corresponding values of the (3 -3) state in the pion-nucleon scattering, because in the latter case we know . that the value of the quantity corresponding to a 1 is * Since the effective range is in general positive for the attractive interaction, the addition of the effective-range term to the right-hand side of (3 ·11) Finally we add one remark. As was mentioned previously, we set w=O and cos tJ= 1 in computing both sides of the dispersion relations. Then the path of integration over (Ii is a horizontal straight line passing through the point A in Fig. 1 , and consequently it is seen that the partial-wave expansion of 1m A (±) and 1m B(±) made in computing J; can be justified by the Lehmann's theorem only below the resonance energy. We see also that, if we shift this path slightly above, the energy region, in which the partial wave expansion is allowed, is far more increased. Indeed, if we set ZD = 63 Mev and cos H = 1, this energy region covers almost all energies which contribute appreciably to J;. However, we have not made calculations with w=63 Mev, because, as was mentioned previously, there is a difficulty in computing J; accurately, unless w is zero. Instead of doing this, we have attempted to justify our calculations with w=O in the following way: in contrast with J;, J i can be computed with sufficient accuracy even if w:l= o. We therefore compute both sides of (3·6), the dispersion relations without subtraction, for w = 0 and w = 63 Mev keeping cos H = 1. If both of the two choices of w yield the same result, we may consider that the calculations using (3·7) at w=O have been justified. For that purpose it is convenient to take i = 1 in (3·6), since Sl does not contain the ambiguous Born term, and 0 1 can be computed with much more reliability than Q2. In the static case Q1 turns out to be independent of w if cos H is kept to unity. In the relativistic case, on assuming (3·9), we have Ql=23.4 AOp-l for w=O, and Q1=27.0 ;'Op-1 for w=63 Mev. On the other hand we have Sl =26.6 p-I for w=O and Sl =25. 4 IF for w=63 Mev. From these results it can be said our treatment has been justified.
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